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Differentiation by Product Rule <

If we have a function that is the product of two (or more) functions we use the
product rule (product means multiply):

The product rule is defined as:

f(x)=u.v
f'(x) = u.%+ v.j—z
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Proof of the Product Rule

To prove this rule you will need the following:
 Differentiation from first principles formula

* Property 1 & 4 of Limit Laws as per Formulae & Tables

Limit Law in symbols Limit Law in words
1il'l]lf{1‘}+ g(_r}] — limf{x] + limg(x} The limit of a sum is equal to
T—sa 1—a x—ha the sum of the limits.

lim[ f(x)g(x)] = lim f(x)-lim g(x) The limit of a product is equal to
Hﬂl f(x)g)] x—ba f&) 1—ba 8(x)] the product of the limits.

e And a little trick!
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Proof of the Product Rule

fx+h)—f(x)
h

= (fC)) = Jim
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Proof of the Product Rule

fx+h)—f(x)
h

= () = Jim

< (g0 = Jim EFRICHR) ~ F(Ig()

h=0
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Proof of the Product Rule

fx+h)—f(x)
h

& (00) = ]Jim

‘ . fex+h)g(x+h) - f(x)g(x)
£ (()g(x) = Jim r

We subtract and add the term f(x + h)g(x) to get:
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a‘ UNIVERSITY of LIMERICK

Proof of the Product Rule

« (10 = |imLEHR 1)

‘ . fex+h)g(x+h) - f(x)g(x)
£ (()g(x) = Jim r

We subtract and add the term f(x + h)g(x) to get:

£ ({g(x)) = Jim ST DICHR - [EH IO + /G He) - e )
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Proof of the Product Rule

fx+h)—f(x)
h

2 (1) = Jim

a - fx+h)glx+h) - fx)g(x)
£ ((0g(x)) = Jim =

We subtract and add the term f(x + h)g(x) to get:

£ ({g(x)) = Jim ST DICHR - [EH IO + /G He) - e )

Take out factors:

%(f(x)g(x}] - 1im fx+h)[gle+h)- g{xl] + g(x)[f (x + h) - f(x)]

f=s

H EA HIGHER EDUCATION AUTHORITY
AN BUDARAS um ARD-OIDEACHAS

IMNIGH

UNIVERSITY OF | School of

LIMERICK | Education

OLLSCOIL LUIMNIGH



Proof of the Product Rule

a . fx+h)g(x+h) - f(x)g(x)
E{ffx)!i’(x)) = }11_1??] A

We subtract and add the term f(x + h)g(x) to get:

fGx+h)gx+h) = flx+h)gx)+ flx+h)g(x) = f(x)g(x)

d .
2 (g (x)) = Jim :

Take out factors:

d "
2 (199 = lim

f(x+h)[glx+h)— g(x)] + g(x)[f (x + h) = f(x)]
h

Using Limit Properties we can then do the following:

d i . (glx+h)-g(x) . (flx+h)=f(x)
= (fx)g () = }f.','é. flx+h) LI_IE! —— *lim g(x) }llﬂ—h
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Proof of the Product Rule

fx+h)—f(x)
h

& (00) = ]Jim

d . fx+h)gx+h)—f(x)g(x)
£ ((0g(x)) = Jim r

We subtract and add the term f(x + h)g(x) to get:

fGx+h)gx+h) = flx+h)gx)+ flx+h)g(x) = f(x)g(x)
h

d 5
£ ((9g(x)) = Jim

Take out factors:

d :
4 (g (x)) = lim

f(x+h)[glx+h)— g(x)] + g(x)[f (x + h) = f(x)]
h

Using Limit Properties we can then do the following:

d i . (glx+h)-g(x) . (flx+h)=f(x)
= (fx)g () = }f.','é. flx+h) LI_IE! —— *lim g(x) }llﬂ—h

4 (100 g(®) = f()g' () + gOF ()
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Now it’s your turn...

-

Using the approach taken in this video, could you now have a go at proving:

- The Quotient Rule

- The Chain Rule
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